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Metal waveguide modeling of tapered quadratic
index media
Lee W. Casperson and Bahram Zandi
The basic electromagnetic properties of tapered graded index fibers are equivalent to the properties of a class
of concave metallic waveguides. Although useful in their own right, such metal waveguides also provide a
straightforward and inexpensive means for studying the characteristics of more complicated tapered media.
1. Introduction
The idea that an electromagnetic wave could be
guided by a cylinder having a continuous radial profile
of the index of refraction has long been known.1 With
newer materials and fabrication techniques, such
graded index fibers are attracting increased attention
because of their improved bandwidth and image trans-
mission properties. Tapered graded index wave-
guides are also of interest as possible waveguide cou-
plers, power concentrators, and image size reducers.
Other variations of the index profile along the propa-
gation direction may also be introduced intentionally
or accidentally in the fiber manufacturing process.
The subject of beam propagation in such z-dependent
media has been briefly reviewed, and new theoretical
solutions are discussed in Refs. 2-4.
The experimental study of z-dependent graded in-
dex materials is typically much more difficult than the
corresponding theoretical calculations. The fabrica-
tion of well-characterized quadratic index media is not
an easy process, and further difficulties may arise as
one introduces variations along the propagation direc-
tion. Even when such a waveguide has been con-
structed, measurement of the parameters of a micro-
scopic propagating beam may be difficult. As a result,
there have been few significant comparisons between
theoretical models for z-dependent graded index me-
dia and experimental data.
One purpose of this study is to suggest an alternative
approach to the experimental demonstration and veri-
fication of graded index waveguide models. As just
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noted, a principal difficulty with most practical graded
index waveguides is their extremely small size, and one
is led to seek larger waveguide models that might be
more easily fabricated and studied. However, such
models can only be useful if one uses waves of much
larger wavelength or media having much weaker focus-
ing properties. The models discussed here are based
on the optical equivalences between small tapered
quadratic index waveguides and larger and more easily
studied concave metallic waveguides.
A few years ago it was demonstrated that effective
light guiding could be achieved using a single curved
surface rather than a fully enclosed waveguide,5-9 and
this behavior is similar to the acoustic whispering gal-
lery guiding studied by Rayleigh. 10"1 That initial
light guiding work was followed by several studies of
beam propagation in concave curved metallic wave-
guides.12-15 It was found that the eigenmodes of the
waveguides involve Hermite-Gaussian functions
across the surface of the guide and Airy functions
perpendicular to the surface. These Airy-Hermite-
Gaussian surface modes are a high-order limit of the
Bessel-Hermite-Gaussian modes that had earlier been
derived for radial mode laser resonators.16'19 More
general arrangements include off-axis and bouncing
modes in waveguides that may in general be shaped
into a helix or which may have curvature parameters
that vary with propagation distance. These wave-
guides are intrinsically interesting because of their
fabricational simplicity and their ability to transmit
high power beams of arbitrary wavelength. They have
also been the basis for glass20 and metal21 ' 2 2 waveguide
lasers. For present purposes the most important re-
sult of the previous studies is that the equations gov-
erning the off-axis Hermite-Gaussian mode functions
of a concave curved metallic waveguide are the same as
the mode equations of a z-dependent quadratic index
waveguide. Thus one can use metal waveguides to
model z-dependent graded-index media. The focus-
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ing profiles (curvatures) of these waveguides can be
made arbitrarily weak, so that even at optical frequen-
cies the modes may be large and easily observed. In
this study we have emphasized the experimental per-
formance of metal waveguide models for tapered qua-
dratic index media, which otherwise are not easily
susceptible to experimental study.
The basic formulas governing the modes of curved
metallic waveguides and of quadratic index wave-
guides are reviewed in Sec. II. Similarities and differ-
ences between these formulations are noted, and it is
shown that for some of the mode properties the two
waveguide types are mathematically equivalent. Sec-
tion III includes experimental data for tapered metal-
lic waveguides. Within experimental uncertainties
the data are in agreement with recent theoretical mod-
els.
11. Theory
The theoretical formalism for treating the propaga-
tion of paraxial Hermite-Gaussian beams in quadratic
graded index media has been well known for many
years, so detailed derivations are omitted here. For
the simplest slab geometry graded index material the
square of the propagation coefficient can be written
k2(x,z) = k(z)[k(z) - k2(Z)X2], (1)
where the wave will be assumed to propagate primarily
in the z direction. The complex amplitude of the
linearly polarized electric field may be factored into a
nearly plane wave with a slowly varying amplitude by
means of the substitution
E'(x,z) = A(x,z) exp[-i ko(z)dz]. (2)
The resulting paraxial wave equation may be reduced
exactly to a set of ordinary differential equations by
assuming the Gaussian beam form2
A(x,z) = exp -i[Q(z)x2 /2 + S(z)x + P(z)]. (3).
The remaining equations are
dz Q2 + ko dQ +kok2 =O. ~~~~~~(4)
dSQS+ k = (5)
dP .Q S2 i dko
d=-I 2 - - - k (6)dz ~2ko 2ko 2kodz
The complex parameter Q appearing in Eqs. (4)-(6)
governs the transverse properties of the beam. It is
conventional to introduce the complex beam radius q
= ko/Q, and from Eq. (3) this complex radius has the
form
1 Q 1 ixm
q ko Rp 7rW2 (7)
where Rp is the radius of curvature of the spherical
phase fronts regarded as positive when the center of
curvature is behind the phase front, w is the Ie ampli-
tude spot size, and Xm is the wavelength in the medium.
The complex parameter S governs the transverse dis-
placement of the beam. If the beam parameters are
separated into their real and imaginary parts accord-
ing to the formulas Q = Qr + iQi and S = Sr + iSi, with
Eq. (3) one can recognize da = -Si/Qi as the displace-
ment in the x direction of the center of the amplitude
distribution and dp = -Sr/Qr as the displacement in
the x direction of the center of the phase fronts. The
location and propagation direction of the beam with
respect to the z axis are thus determined by the real
numbers d0 and dp.
The propagation characteristics of the fundamental
off-axis Gaussian mode in a quadratic index medium
can now be obtained by solving Eqs. (4)-(6). The
solution of these equations for media in which ko and k2
are constant has been known for many years, and sev-
eral numerical and analytical techniques have recently
been discussed for z-dependent or tapered media.2-4
While the fundamental mode is usually emphasized,
there is not much extra difficulty in treating the higher
order polynomial Gaussian modes.
Our principal interest here is in modeling graded
index media with concave metal strip waveguides, so it
is now appropriate to review the formulas governing
the modes of such guides. It is an important and well-
known fact that the modes of these guides are in some
respects identical to the modes of conventional graded
index fibers. Thus the field distribution across the
waveguide can be described in terms of off-axis Her-
mite-Gaussian functions. On the other hand, the field
distribution perpendicular to the waveguide surface is
most easily described in terms of Airy functions. The
parameters governing the spot size and displacement
of the Hermite-Gaussian transverse mode functions
must satisfy the equations14
Q2 + ko dQ + =°0dz rR
QS + ko d=0
(8)
(9)
where the variable z measures distance along the wave-
guide. The parameter r is the radius of curvature of
the waveguide along the direction of propagation,
while R is the radius of the concave waveguide trans-
verse to the direction of propagation. In a tapered
metal waveguide both r and R might be functions of z,
and such a configuration is sketched in Fig. 1.
The most notable feature of Eqs. (8) and (9) is that
they are identical in form to Eqs. (4) and (5) if one
makes the identification
k 2 = 1 .
ko rR (10)
The propagation characteristics of graded index fibers
are usually referred to the index of refraction
n = no- n2x
2/2.
In terms of this index profile Eq. (10) is simply
n2_ 1
nO rR
(11)
(12)
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Fig. 1. Schematic representation of a concave metallic waveguide
in which the curvature r is a function of the propagation distance z,
while the concaveness curvature R is constant.
The significance of this result is that beam propagation
in graded index media can be rigorously modeled using
metal waveguides. This fact is especially useful with
tapered media which are relatively difficult to analyze
and fabricate.
111. Experiment
We carried out a series of experiments to confirm the
theoretical results described in the previous section.
These experiments involved a variety of waveguide
materials and configurations. For most purposes it
proved simplest to obtain the basic waveguide medium
by sawing the side from a copper or aluminum tube.
This rough waveguide can then be polished and bent as
necessary. It is clear from Eq. (12) that a tapered
graded index fiber corresponds to a metal waveguide in
which either the waveguide curvature r or the concave-
ness R are functions of the propagation distance z. In
the waveguides that we studied the curvature r was
chosen to be z dependent.
The analogy between tapered graded index fibers
and curved metal waveguides is valid for any z depen-
dence of the quadratic index coefficients. To be spe-
cific, we will describe here our experiments which test-
ed the theoretical predictions using the z dependence:
n2 (z) F
no (1 -Z)2
where the z-dependent matrix elements are3
A = (1 - yz)1/2cos[-(F - -y2 /4) 1/2 1-1 ln(1 - yz)]
+ (F - Y2/4)-112(-y/2) sin[-(F - Y2/4)1/2y-1 ln(1 -z)]),
(17)
B = (1 - Yz)1 /2 (F - Y2/4)-1/ 2 sin[-(F - Y2 /4)1/2y-1 ln(1 - -yz)],
(18)
C = -(1 - yz)-"2F(F - Y2/4)-1 /2 sin[-(F - y2/4)1/2-1 ln(1 -z)],
(19)
D = (1 - yz)Y1cos[-(F - y2/4)1/2Y-1 ln(1 - yz)]
- (F - 2/4"12 (y/2) sin[-(F - Y2/4)1/2Y-1 ln(1 - -yz)]}.
(20)
Using these results one can write explicit expressions
for the beam spot size w(z) and amplitude displace-
ment da(z).
Several experimental tests of the theory have been
carried out for waveguide curvatures given by Eq. (14).
As an example, theoretical and experimental data are
summarized in Fig. 2 for a 6328-A laser beam propagat-
ing along a waveguide made from a copper pipe having
an inner diameter of 2R = 1.9 cm (0.75 in.). In prac-
tice, the curvature r(z) was obtained by bending the
waveguide to match a plywood template while R was
kept constant. The theoretical curve in this figure is a
plot of the beam displacement implied by Eqs. (8) and
(9) using the waveguide curvature given in Eq. (14).
The parameter values used in Eq. (14) are F = 105 m-2
and y = 0.5 m-1 . The vertical lines in this figure mark
the positions at which the maximum beam displace-
ment was observed to occur when the beam was insert-
ed parallel to the waveguide axis. The close agree-
ment between experimental and theoretical data
confirms the basic validity of the corresponding analy-
sis.
(13)
This functional form has often been considered to
provide a realistic representation of practical fiber
tapers. Although most of our theoretical solutions
have been obtained numerically, it may be noted that
Eq. (13) is also one of the few forms for which the
solutions of Eqs. (4)-(6) can be expressed in terms of
elementary functions. With Eq. (12) it follows that to
model this profile the waveguide curvature should
have the form
r(z) = (1 - yz)2 /FR. (14)
For this curvature function the complex parameters
Q and S from Eqs. (8) and (9) are given explicitly by the
transformations
d a
0 0. 5 1.0 1.5
z (meters)
Fig. 2. Theoretical plot of the displacement of a Gaussian beam
away from the axis of a tapered metal waveguide governed by Eq.
(14) with the parameters R = 9.5 mm, F = 105 m- 2, and y = 0.5 m- 1 .
The vertical lines mark the experimentally observed positions of
maximum beam displacement.
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Fig. 3. Theoretical plot of the normalized spot size of a mismatched
Gaussian beam in the same tapered metal waveguide represented in
Fig. 2. The vertical lines mark the experimentally observed posi-
tions of maximum spot size.
The z dependence of the beam spot size was also
measured experimentally, and a typical result is shown
in Fig. 3 for the same waveguide as in Fig. 2. The
theoretical curve is the spot size implied by Eq. (7), and
the vertical lines indicate the experimentally observed
positions of maximum spot size. Other measurements
of the mode functions can also be made, but for our
purposes it has been sufficient to determine just the
positions of maximum beam displacement and the
positions of maximum and minimum spot size. With-
in the small experimental uncertainties these quanti-
ties are in agreement with theoretical expectations.
IV. Conclusion
There have been many theoretical studies of beam
propagation in graded index media, and in some cases
the results apply to tapered media in which the param-
eters of the quadratic profile are functions of distance.
Experimental studies of tapered media are, however,
complicated by fabricational and measurement diffi-
culties associated with the very small media, and only a
few qualitative experiments have been reported.
Since tapered graded index media may have many
practical applications, it has seemed worthwhile to
verify experimentally the theoretical results concern-
ing tapered metal waveguides, which in important re-
spects are equivalent to quadratic index waveguides.
The experiments described here have confirmed that
the spot size and displacement of off-axis beams in
tapered metal waveguides behave as predicted by the
theory.
This work was supported in part by the National
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